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Abstract
Let p and q be different prime numbers and let aZ ⊕ a1 ⊕ · · · ⊕ ab ⊕ E1 ⊕ · · · ⊕ Ec be the
Diedrichsen–Reiner decomposition of an integral representation of Zp . We show that a, b, and c can
be found solving a system of appropriate linear equations in fields Zp and Zq . We prove that solving
similar equations one can calculate the number of connected components of p-group actions on tori.
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1. Introduction
Integral representations of cyclic groups of prime order p were described by Diedrich-
sen and Reiner (cf. [7,10]). Each such a representation is a direct sum of representations
aZ ⊕ a1 ⊕ · · · ⊕ ab ⊕ E1 ⊕ · · · ⊕ Ec
of a copies of Z, b irreducible representations in Zp−1, and c irreducible representations
in Zp . We say that representations with the same a, b, and c have the same genus. They are
isomorphic after a p-localization or after a p-completion (cf. [8]). In this paper we describe
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determination of the number of connected components of finite p-group actions on tori.
A Zp-lattice is a finitely generated Z[Zp]-module that is free as a Z-module. Every
integral representation of Zp in Zn can be treated as a Zp-lattice. Our first result is the
following.
Theorem 1. Let p and q be two different prime numbers and let
aZ ⊕ a1 ⊕ · · · ⊕ ab ⊕ E1 ⊕ · · · ⊕ Ec
be the Diedrichsen–Reiner decomposition of a Zp-lattice A. Then









p dimZq (A ⊗ Zq)Zp − rankA
)+ b.
The formulas above show that it suffices to find dimZp (A ⊗ Zp)Zp and dimZq (A ⊗
Zq)
Zp and this can be done solving a system of linear equations in finite fields Zp and Zq .
Our algorithm is particularly convenient when we use a computer because a computer can
solve a system of linear equations in Zp and Zq quicker than in R or Z. The proof is based
on the observation that pb = cardH 1(Zp,A). This reduces the calculation of a, b, and c
to the calculation of cardH 1(Zp,A). For every finite group G, whose order is relatively
prime to q , we show that
cardH 1(G,A) = card(A ⊗ Zq)G|G|−dimZq (A⊗Zq )G
(Lemma 2). There is another more sophisticated approach to the calculation of
cardH 1(G,A). It is based on the Smith normal form of an integral matrix (cf. [9, Chap-
ter 3], [12, Chapter 8]).
Let G be a finite p-group acting on a topological space X, A = π1(X), and let
nCC(G,X) be the number of connected components of X. If X is a torus, then a particular
case of the Conner–Raymond formula shows that
nCC(G,X) = cardH 1(G,A)
(see [4, Theorem A 10]). As an immediate consequence we have.
Theorem 2. Let G be a finite p-group acting on a torus X and A = π1(X). Assume that
XG = ∅, m = |G|, and q is a positive integer relatively prime to m. Then
nCC(G,X) = card(A ⊗ Zm)Gm−dimZq (A⊗Zq )G .
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manifold is more difficult. We have only a partial result is this direction. Under the addi-
tional assumption that the order of the holonomy group of X is relatively prime to |G|, it
allows to answer the question if XG is connected.
Theorem 3. Let X be a closed flat manifold, let A be the maximal abelian subgroup of
π1(X), and let p, q be different prime numbers. Assume that G is a finite p-group act-
ing on X with a fixed point, π1(X)/A does not contain the elements of order p, and
dimZq (A ⊗ Zq)G = dimZp (A ⊗ Zp)G. Then the fixed point set XG is connected.
2. Integral representations of cyclic groups of prime order
Let G be a finite group and let A be a G-lattice. In this section we derive a few formulas
describing cardH 1(G,A). We use them in the proof of Theorem 1 and in the proofs of the
results of the next section. We start with the following.
Lemma 1. Let G be a finite group and let A be a G-lattice. Assume that m is positive
integer divisible by |G|. Then
cardH 1(G,A) = card(A ⊗ Zm)
G
card(AG ⊗ Zm) .
Proof. Consider λ :A  a → ma ∈ A and j :A  a → a ⊗ 1 ∈ A ⊗ Zm. The short exact
sequence
0 → A λ−→ A j−→ A ⊗ Zm → 0
induces the long exact sequence
· · · → H 0(G,A) j∗−→ H 0(G,A ⊗ Zm) δ−→ H 1(G,A) λ∗−→ H 1(G,A) → ·· · .
We have H 0(G,A) = AG and H 0(G,A⊗Zm) = (A⊗Zm)G (see e.g. [2, Chapter 3, §1]).
Since |G| is a divisor of m we have λ∗ = 0 [2, Chapter 3, §10, Corollary 10.2]. By the
above,
cardH 1(G,A) = card im δ = card(A ⊗ Zm)
G
card ker δ




Now it suffices to show that im j∗ = AG ⊗ Zm. Clearly im j∗ ⊆ AG ⊗ Zm. An element
y of AG ⊗ Zm can be written as ∑i xi ⊗ ki, where xi ∈ AG and ki ∈ Zm. For every
i ∈ {1, . . . ,m} take ki ∈ {0, . . . ,m − 1} whose image in Zm is equal to ki . Then
y =∑i k¯ixi ⊗ 1 = j∗(∑i k¯ixi). This finishes the proof of Lemma 1. 
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a prime number relatively prime to m. Then
cardH 1(G,A) = card(A ⊗ Zm)Gm−dimZq (A⊗Zq )G .
Proof. First we check that (A ⊗ Zq)G = AG ⊗ Zq . Clearly AG ⊗ Zq ⊆ (A ⊗ Zq)G. Take










⊗ 1 ∈ AG ⊗ Zq .
Since (m,q) = 1, u ∈ AG ⊗ Zq . Thus (A ⊗ Zq)G = AG ⊗ Zq , as claimed.




)= mrankAG = mdimZq (AG⊗Zq ) = mdimZq (A⊗Zq )G.
By Lemma 1,
cardH 1(G,A) = card(A ⊗ Zm)G m−dimZq (A⊗Zq )G .
This completes the proof of Lemma 2. 
Corollary 1. Let p and q be two different prime numbers and let A be a Zp-lattice. Then
cardH 1(Zp,A) = pdimZp (A⊗Zp)Zp−dimZq (A⊗Zq )Zp .
Example 1. If m = |G| and m is not a prime number, then card(A ⊗ Zm)G need not be
equal to mrankAG. To see this consider the action of Z4 on Z2 generated by
g :Z2  (x, y) → (−y, x) ∈ Z2.
Then (Z2 ⊗Z4)g = {(x, x) ∈ Z24: 2x = 0} consists of two elements and 4rank(Z
2)g = 1. This
example also shows that cardH 1(G,A) is not always divisible by |G|.
Proof of Theorem 1. Let Z(p) be the p-localization of Z and let B be a Zp-lattice such
that A ⊗ Z(p) ∼= B ⊗ Z(p). Since H ∗(Zp,A) ∼= H ∗(Zp,B) (cf. [8]), it suffices to consider
the case in which
A = aZ ⊕ bZ[ζp] ⊕ cZ[Zp].
It is known (see e.g. [8, Proposition 2.1]), that
H 1(Zp,Z) = 0, H 1
(
Zp,Z[Zp]
)= 0, and H 1(Zp,Z[ζp])∼= Zp.
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cardH 1(Zp,A) = pb.
By Corollary 1,
b = dimZp (A ⊗ Zp)Zp − dimZq (A ⊗ Zq)Zp . (∗)
Since Z[Zp]Zp ∼= Z and Z[ζp]Zp = {0},
dimZq (A ⊗ Zq)Zp = rankAZp = a + c. (∗∗)
Clearly
rankA = a + b(p − 1) + pc. (∗∗∗)
The equalities (∗), (∗∗), and (∗∗∗) imply Theorem 1. 
3. Connected components of the fixed point sets of p-group actions on tori
Proof of Theorem 2. By [4, Theorem A 10],





Applying Lemma 2 we complete the proof of Theorem 2. 
For G = Z2 we also have.
Proposition 1. Let X be an n-dimensional torus and let g :X → X be an involution acting







Proof. Identify π1(X) with Zn and π1(X) ⊗ R with Rn. The arguments similar to those
given in the proof of Lemma 2 show that (Zn)g ⊗R = (Zn ⊗R)g. In some basis in Rn the
matrix of g is diagonal and the entries on the diagonal are equal to 1 or −1. Let k and l be
the number of entries equal to 1 or −1, respectively. Then k = dim(Rn)g , k + l = n, and
k − l = trg. Hence dim(Rn)g = 12 (n + trg). 
The simplest example illustrating Theorem 2 is the following.
Example 2. The involution g :S1  z → z¯ ∈ S1 defines a Z2 action on S1. It is easy to
see that (S1)Z2 = {−1,1} and so nCC(Z2, S1) = 2. The induced Z2 action on π1(S1) is
generated by g∗ = −id. We have AZ2 = {0}, AZ2 ⊗ Z2 = {0}, and (A ⊗ Z2)Z2 = {a ∈
Z2: −a = a} = Z2. In particular, card(A⊗Z2)Z2Z = 2.card(A 2⊗Z2)
768 M. Sadowski / Journal of Algebra 303 (2006) 763–770In the proof of Theorem 3 we use some properties of closed flat manifolds. For more
details and for the proofs we refer to [3] or [13]. A closed flat n-manifold is the orbit space
R
n/Γ of an isometric, free, and totally discontinuous action of a discrete group Γ on Rn.
The holonomy homomorphism h of Rn/Γ carries γ ∈ Γ onto the linear part of γ and
the holonomy group of Rn/Γ is equal to imh. The group imh is finite, kerh ∼= Zn, and
kerh is the maximal abelian subgroup of Γ . Theorem 3 will be derived from the following
lemmas.
Lemma 3. Let p, q be two different prime numbers, let G be a finite p-group, and let A be
a G-lattice. Assume that dimZp (A ⊗ Zp)G = dimZq (A ⊗ Zq)G. Then H 1(G,A) = {0}.
Lemma 4. Let G be a finite p-group acting on a closed flat n-manifold M with MG = ∅,
let M˜ be the universal covering space of M, let Γˆ be the maximal abelian subgroup of
π1(M), Mˆ = M˜/Γˆ , and H = Γ/Γˆ . Assume that G × Mˆ → Mˆ is the action of G on Mˆ
covering an action of G on M and H does not contain the elements of order p. Then
nCC(G,M) nCC(G, Mˆ).
In the formulation of Lemma 4 we have used the fact that the action of G on M can be
lifted to an action of G on Mˆ (see e.g. [1, Chapter 1, Theorem 9.2]).
Proof of Lemma 3. Let |G| = ps and let 1pj be the image of 1 in Zpj . By Lemma 1, it
suffices to show that AG ⊗ Zps = (A ⊗ Zps )G. We prove by induction that
AG ⊗ Zpr = (A ⊗ Zpr )G




)= rankAG = dimZq (AG ⊗ Zq)
= dimZq (A ⊗ Zq)G = dimZp (A ⊗ Zp)G
(see the proof of Theorem 2) and AG ⊗ Zp ⊆ (A ⊗ Zp)G we have
AG ⊗ Zp = (A ⊗ Zp)G. (∗)
This shows our equality for r = 1. Assume that it holds for l  r − 1. Take x ⊗ 1pr ∈
(A ⊗ Zpr )G. Then g(x) ⊗ 1p = x ⊗ 1p. From (∗) it follows that x = xG + pu for some
xG ∈ AG and u ∈ A. Since
g(pu ⊗ 1pr ) = g(x) ⊗ 1pr − g(xG) ⊗ 1pr = pu ⊗ 1pr
we have g(u ⊗ 1pr−1) = u ⊗ 1pr−1 . By the inductive hypothesis, u ⊗ 1pr−1 belongs to
AG ⊗ Zpr−1 and so
x ⊗ 1pr = xG ⊗ 1pr + pu ⊗ 1pr ∈ AG ⊗ Zpr
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cardH 1(G,A) = card(A ⊗ Zps )
G
card(AG ⊗ Zps ) = 1.
This finishes the proof of Lemma 3. 
Proof of Lemma 4. Take the canonical projection P : Mˆ →M and a connected component
MGj of M
G. We show that P−1(MGj )G =∅. Assume the contrary that P−1(MGj )G =∅.
Consider x ∈ MGj and the fiber P−1(x). As the action of G on Mˆ covers the action of
G on M , the set P−1(x) is G-invariant. Since P−1(x)G = ∅, every orbit of the action
of G on P−1(x) is nontrivial and so p divides cardP−1(x) = cardH. This is a contra-




P−1(MGj ) ∩ P−1(MGk ) = ∅. By the above, every set P−1(MGj ) contains at least one con-
nected component of MˆG so that
nCC(G,M) nCC(G, Mˆ).
The proof of Lemma 4 is complete. 
Proof of Theorem 3. By Lemma 4, nCC(G,X)  nCC(G, X˜/A) and by Lemma 3,
nCC(G, X˜/A) = 1. 
Remark 1. (a) Integral representations of Zl are known only if l is a prime number p or l =
p2 ([8,11], [5, §34]). The main difficulty in the classification in the other cases is that for
k > 2 there are infinitely many isomorphism classes of irreducible integral representations
of Zpk ([6], [5, §33]).
(b) If X is not homotopy equivalent to a torus, then π1(X) is not abelian, H 1(G,π1(X))
is only a set, and cardH 1(G,π1(X)) is more difficult to calculate.




2 −1 −5 24 −75 −175 985 253 −2366 −1340 975 5172
2 −2 −3 19 −56 −139 777 199 −1863 −1051 767 4050
−1 1 2 −9 31 68 −384 −104 937 535 −396 −2046
4 −4 −8 40 −123 −288 1627 416 −3901 −2207 1604 8527
7 −7 −14 70 −217 −510 2871 744 −6909 −3910 2859 15,062
3 −3 −6 30 −93 −219 1234 322 −2972 −1682 1234 6467
1 −1 −2 10 −31 −73 411 107 −990 −562 413 2155
1 −1 −2 10 −31 −73 411 106 −987 −561 409 2156
2 −2 −4 20 −62 −146 822 212 −1976 −1119 817 4311
2 −2 −4 20 −62 −146 822 212 −1976 −1118 817 4307
2 −2 −4 20 −62 −146 822 212 −1976 −1118 817 4308
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.1 −1 −2 10 −31 −73 411 106 −988 −559 408 2155
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a Z11-lattice A and an action of Z11 on the torus T 12 = R12/A. Solving the equa-
tion M(x1, . . . , x12) = (x1, . . . , x12) in Z11 and say Z5 we get dimZ11(Z1211)Z11 = 2 and
dimZ5(Z125 )
Z11 = 2. By Corollary 1, H 1(Z11,A) = {0} and by Theorem 3, the fixed point
set (T 12)Z11 is connected.
Remark 2. The Conner–Raymond formula nCC(G,X) = cardH 1(G,π1(X)) holds for any
“reasonable” aspherical topological space X (cf. [4, Theorem A 10]). It suffices to assume
that X is a finitistic, connected, locally pathwise connected, locally simply connected as-
pherical topological space. In particular, one can use the formula if X is a connected,
aspherical, finite simplicial complex. The assumption that X is aspherical means that the
universal covering space of X is contractible and the assumption that X is finitistic means
that each covering by open sets has a finite-dimensional refinement by open sets. The ar-
guments given in the proofs of Theorems 2 and 3 show that Theorem 2 is valid if X is a
“reasonable” topological space homotopy equivalent to a torus and Theorem 3 is valid if
X is a “reasonable” topological space homotopy equivalent to a closed flat manifold. In
particular, Theorem 3 holds for complete flat manifolds (see [13, Theorem 3.3.3]).
Acknowledgments
I express my gratitude to Karel Dekimpe, Wacław Marzantowicz, and Andrzej
Szczepan´ski for their helpful remarks.
References
[1] G.B. Bredon, Introduction to Compact Transformation Groups, Academic Press, New York, 1972.
[2] K.S. Brown, Cohomology of Groups, Springer-Verlag, Berlin, 1982.
[3] L. Charlap, Bieberbach Groups and Flat Manifolds, Springer-Verlag, New York, 1986.
[4] P.E. Conner, F. Raymond, Manifolds with few periodic homeomorphisms, in: Proc. 2nd Conf. on Compact
Transformation Groups, in: Lecture Notes in Math., vol. 299, Springer-Verlag, Berlin, 1972, pp. 1–75.
[5] C.W. Curtis, I. Reiner, Methods of Representation Theory, vol. 1, Wiley, New York, 1981.
[6] A. Jones, Groups with a finite number of indecomposable integral representations, Michigan Math. J. 10
(1963) 257–261.
[7] F. Diedrichsen, Über die Ausreduktion ganzzahliger Gruppendarstellungen bei arithmetischer Äquivalenz,
Abh. Math. Sem. Univ. Hamburg 14 (1938) 357–412.
[8] H. Hiller, Flat manifolds with Z/p2 holonomy, Enseign. Math. 31 (1985) 283–297.
[9] T. Kaczyn´ski, K. Mischaikow, M. Mrozek, Computational Homology, Springer-Verlag, Berlin, 2004.
[10] I. Reiner, Integral representations of cyclic groups of prime order, Proc. Amer. Math. Soc. 8 (1957) 142–146.
[11] I. Reiner, Integral representations of cyclic groups of order p2, Proc. Amer. Math. Soc. 58 (1976) 8–12.
[12] Ch.C. Sims, Computation with Finitely Presented Groups, Cambridge Univ. Press, Cambridge, 1994.
[13] J. Wolf, Spaces of Constant Curvature, McGraw–Hill, New York, 1967.
